We study eigenenergies, avoided crossings, and PT phase transitions in Hermitian and PTsymmetric Möbius ladder lattices. When the asymmetry of on-site potential increases, states show energy crossings in circular ladder lattices because the orthogonality of the lattices corresponds to the orientability of a normal strip. However, states show avoided crossings and PT phase transitions in Hermitian and PT-symmetric Möbius ladder lattices, respectively, due to the nonorientability of a Möbius strip. We analyze these energy crossings, avoided crossings, and PT phase transitions in the respective systems using rotational transformation. In addition, we study quantum transport in Hermitian and PT-symmetric ladder lattices without and with a sharply twisted interface, respectively. * Electronic address: hcpark@ibs.re.kr
I. INTRODUCTION
The Möbius strip, discovered independently by Möbius and Listing in 1858, is a continuous one-sided surface formed by rotating one end of a rectangular strip through 180 degrees and attaching it to the other end [1, 2] . This marvelous structure with only one side and only one boundary is the epitome of a topologically non-trivial system and shows curious properties due to its non-orientability. A surface in Euclidean space is orientable if a two-dimensional figure cannot be moved around the surface and back to where it started so that it looks like its own mirror image [3, 4] . Otherwise, the surface is non-orientable.
Besides fundamental studies on topology, the non-orientability of Möbius strips has enabled their use in many applications in various fields [5] [6] [7] [8] .
The real space Möbius strip is therefore a fascinating system both for mathematicians and physicists. Physics in particular allows one to realize Möbius strip topologies in various contexts beyond real space. For example, an exceptional point (EP), which is a degenerate point of eigenenergies in a non-Hermitian system, generates this charming structure in parametric space because of the square root branch property of the singular point [9, 10] . This Möbius strip of eigenenergies generated in parameter space has been reported in microwave experiments [11, 12] , optical microcavities [13] , and a chaotic exciton-polariton billiard [14] . One of the interesting phenomena originating from the non-trivial topology of non-Hermitian systems is parity-time (PT)-symmetry, which exhibits a spontaneous symmetry-breaking transition from an unbroken PT-symmetric phase to a broken phase via EPs [15] . PTsymmetry is protected in non-Hermitian systems with a balance of energy gain and loss represented by the commutation relation [H, PT] = 0, where H is a Hamiltonian. Many PTsymmetric systems have been explored in several fields, including optics [16] [17] [18] [19] [20] [21] [22] , electronic circuits [23] , atomic physics [24] , and magnetic metamaterials [25] .
While the non-trivial Möbius topology in real space has been widely applied in chemistry [6, 7] and biology [8] , there have been only a few studies in physics [26, 27] . In this paper, we study how the non-orientability of a Möbius strip affects the eigenenergies and eigenstates of tight-binding models by comparing circular and Möbius ladder lattices as the simplest models in real space. In doing so, we demonstrate avoided crossings and PT phase transitions in terms of Hermitian and non-Hermitian perturbations, respectively. Additionally, corresponding resonances and antiresonances appearing in quantum transport are also studied.
This paper is organized as follows. In Section II we introduce the two systems, circular and Möbius ladder lattices, and explain their energy bands and eigenenergies. In Section III, we study eigenenergy evolution as a function of on-site potential in both Hermitian and PT-symmetric cases, and in Section IV we consider quantum transport in ladder and twisted-ladder lattices corresponding to circular and Möbius ladder lattices, respectively. Section V summarizes our results. 
II. SYSTEMS: CIRCULAR AND MÖBIUS LADDER LATTICES

A. Circular ladder lattice
where the extra term h 0 (k) = −t cos k and σ 0 is an identity matrix. δ and γ will be used to describe imbalanced on-site potentials when we consider Hermitian and PT-symmetric situations. For simplicity, we only consider the δ > 0 and γ > 0 case in this work. The eigenvalues of the Hamiltonian are
which are complex with ε = ε r + iε i . If d = 0, a CLL can be divided into two circular lattices with hopping strength t. In this section, we consider a CLL with symmetric on-site potential, i.e., ǫ u = ǫ d = 0. The energy bands of the CLL are separated into two sub-bands in which states are equally distributed to upper and lower lattices with odd and even parities, respectively, as shown in Fig. 2 . As d and t increase, the distance between the two bands and the band widths increase, respectively.
The Bloch wavefunction of a periodic system can be written as The blue box represents the unit cell of the CLL, which has two sites with intra-unit cell hopping strength d and inter-unit cell hopping strength t.
where u(x) is a periodic function of position x, which satisfies u(x + a) = u(x) when the potential is a periodic function with period a. First, considering a single ring lattice with N sites, the Bloch wave vector k is easily obtained from the constraint e ikN = 1 as
where N is the number of sites in the lattice. We set a = 1 for simplicity throughout this paper. Next, if we consider a CLL with N unit cells, i.e., 2N sites, the Bloch wave vector k is the same as that in a single ring lattice because of the periodic boundary conditions
From Eq. (2) and Eq. (4), the eigenvalues of the Hamiltonian of a CLL with N sites are
where ε ± are the eigenvalues of the corresponding eigenstates with odd and even parities, For a numerical solution, we write the Hamiltonian as a 2N × 2N matrix as
where
The eigenvalues calculated numerically in a CLL with 20 unit cells are the same as from Eq. (6).
B. Möbius ladder lattice
Next we consider the Möbius ladder lattice (MLL) shown in Fig. 1 (b) [28] . On-site potentials and inter-and intra-unit cell hopping strengths are the same as those in the CLL;
the only difference is that one pair of parallel hoppings changes into cross hoppings. In this paper, we model the Möbius strip with an abrupt change in the hopping parameters and leave the study of a smooth parameter change to a subsequent work. If d = 0, the MLL can be considered as one circular lattice with two times the length of the MLL, which reflects the intrinsic properties of a Möbius strip.
Eigenenergies in the MLL can be obtained by replacing the boundary condition for a CLL from Eq. (5) with the boundary condition for an MLL as follows:
Under this boundary condition, we obtain the relations
In the case of even-parity eigenstates, i.e., u u (x) = u d (x), the Bloch wave vectors in the MLL are the same as those in the CLL from Eq. (4). In the case of odd-parity eigenstates,
which differ from those in the CLL. As a result, the eigenvalues of the Hamiltonian of an MLL with N sites are ε − = −2t cos 2nπ N − d for even parity,
where n = 1, · · · , N. there is no effect of breaking orientation in the MLL since there is no orientation even in the CLL. This changes when odd-parity states are considered. It is noted that the symmetry of the unit cell plays an important role in obtaining eigenenergies; for example, a CLL and an MLL with triangular cross-sections are elucidated in Appendix A.
We also obtained the eigenenergies and eigenstates of the Hamiltonian for a finite sized MLL with N unit cells, which is given by
The eigenvalues calculated numerically in an MLL with 20 unit cells are the same as from Eq. (12) .
There have been a few studies on the difference between normal rings and Möbius ring structures according to the parity of the eigenstates [29] . It has also been found that the difference in eigenenergies in the case of odd-parity in a Möbius ring structure is related to the non-integer azimuthal mode indices in three-dimensional optical Möbius strip cavities [27] . In this case, the polarization of light induces an orientation, such as opposite signs of the amplitudes of the odd-parity eigenstates. In the next section, we study the avoided crossings of real eigenenergies in Hermitian cases and the PT phase transitions of complex eigenenergies in PT-symmetric cases.
III. EIGENENERGY EVOLUTION AS A FUNCTION OF ON-SITE POTENTIAL
A. Avoided crossing in the Hermitian case First, a Hermitian CLL with imbalanced real on-site potential, i.e., ǫ u = −ǫ d = δ/2, is considered. As δ increases, the upper and lower energy bands go up and down independently thereby increasing the bandgap, as shown in Fig. 3 (a) . In spite of the imbalanced on-site potential, evolutions of the eigenenergies show an energy crossing as δ increases, as shown in Fig. 3 (b) and Fig. 4 (a) , because of the orthogonality of the two energy bands. The eigenstates of the Hamiltonian are given by 
From the diagonalized condition of H θ , the rotating angle θ is derived as
Using the rotation of the basis states, the eigenstates |ψ θ are given by
where In Fig. 4 (c) , the eigenstates with decreasing eigenenergy when δ increases have |α θ | 2 = 0 and |β θ | 2 = 1, while the eigenstates with increasing eigenenergy have |α θ | 2 = 0 and |β θ | 2 = 1.
It is noted that the eigenenergies in the CLL of Eq. (2) are always degenerate because of the symmetry of the eigenstates with wave numbers k and −k. In Fig. 4 (a) , there are two degenerate points near δ ∼ 1.8; this can also be understood by a rotation of the amplitude equations of the n-th unit cell. We will discuss this in Section IV.
Next, a Hermitian MLL with imbalanced on-site potential (ǫ u = −ǫ d = δ/2) is considered.
As δ increases in this case, the eigenenergies in the MLL slightly deviate from those in the CLL. In spite of the twist of the MLL, the overall behaviors of the energies as a function of δ are not so different from those in the CLL, as shown in Fig. 3 (c) . However, the MLL exhibits avoided crossings rather than the energy crossings in the CLL because two states that are independent in a CLL are coupled in an MLL by the non-orientability of the Möbius strip. In Fig. 4 (d) , two degenerate points in the CLL change into strong and weak avoided crossings in the MLL, which are represented by large and small gap sizes, respectively. When δ = 0, |α| 2 = |β| 2 = 0.5 and |α θ | 2 = 1.0 or 0.0 (i.e., |β θ | 2 = 0.0 or 1.0) since the eigenstate has even or odd parity. As δ increases, |α θ | 2 decreases from 1.0 or increases from 0.0 because of the coupling between the basis states of the CLL. As seen in Fig. 4 (f) , the stronger the coupling is, the larger the change of |α θ | 2 . on-site potential (see Fig. 6 (b) ). In the case of the broken phase, there is imaginary energy band separation because the real parts of the energy bands are the same. The eigenstates of the positive and negative imaginary energy bands have gain and loss, respectively, and thus they are not equally distributed to the upper and lower circular lattices. It is noted that imaginary imbalanced on-site potential in a PT-symmetric CLL makes the real parts of the energies attractive, as shown in Fig. 5 (a) , while real imbalanced on-site potential in a CLL makes the real energies repulsive, as shown in Fig. 3 (a) .
A PT-symmetric CLL also has a general rotation angle θ, which is derived as
Rotation angle θ is complex in a PT-symmetric CLL, while the rotation angle is real in a
Hermitian CLL with imbalanced real on-site potential. It can be considered that complex angle θ = θ r + iθ i for a general non-Hermitian system. The states can be transformed by a general basis rotation through the following relation, δ + iγ 2d = cot 2θ = cos 2θ r sin 2θ r − i sinh 2θ i cosh 2θ i sin 2 2θ r cosh 2 2θ i + cos 2 2θ r sinh 2 2θ i ,
which has two conditions from real and imaginary equations. For the Hermitian case, Eq. |β θ | 2 are changed into 0.0 or 1.0, which are the same as those in the Hermitian case. In the region of bulk broken phases when γ > 2.0, the transform is satisfied by γ 2d = − coth(2θ) with θ r = n π 2 (n ∈ R). MLL. Figure 7 shows strong and weak PT phase transitions instead of the strong and weak avoided crossings of the Hermitian case, and also that a Hermitian degenerate point splits into a pair of non-Hermitian degenerate points, or EPs, due to the non-Hermiticity of this case. The eigenstates have unbroken phases, of which eigenenergies are real, before the PT phase transitions, and |α| 2 = |β| 2 = 0.5 as shown in Fig. 7 (b) . In the region, |α θ | 2 and |β θ | 2 decrease from 1.0 or increase from 0.0 like as in the Hermitian case. After the PT phase transition, i.e., in the broken region, |α| 2 and |β| 2 do not equal 0.5 but are rather closely related to the imaginary parts of the eigenenergies. In the broken region, |α θ | 2 and |β θ | 2 are equal to 0.5.
IV. TRANSPORT IN CORRESPONDING LADDER LATTICES
In this section, we study the energy bands and quantum transport in ladder and twisted ladder lattices exhibiting energy crossings, avoided crossings, and PT phase transitions like as in the CLL and MLL. Figure 8 
A. Hermitian cases
First, we discuss quantum transport in a ladder lattice with asymmetric real on-site potential, i.e., γ = 0. The system under study is composed of a ladder lattice with N unit cells, as shown in Fig. 8 (a) , with two leads connected to the left and right end unit cells.
The Hamiltonian of this system is given by
where H LL , H lead , and H coupling describe the ladder lattice, leads, and coupling between the lattice and leads, respectively, and are given by of the eigenenergies that decrease as δ increases corresponds to resonant states, but the transmission probability of the eigenenergies that increase as δ increases corresponds to Fano states (antiresonant states) forbiding transmission. Antiresonance is caused by the configuration of the symmetric contacts, which can be understood by detangling the lattices [31] .
The amplitude equations of the n-th unit cell in a ladder lattice can be written as
where a n and b n represent the upper and lower sites of the n-th unit cell, respectively.
Applying Eq. (17) to these equations, we obtain the unit cell of a lattice with two rotating states, f n and p n ,
and F (θ) = (ǫ a − ǫ b ) sin θ cos θ + d(sin 2 θ − cos 2 θ). The solution for F (θ) = 0 when ǫ u = −ǫ d = δ/2 is Eq. (18) . That is, using the rotating operation, the states are completely separated into two orthogonal states, f n and p n , and thus there is an energy crossing. If we fix the rotation angle to θ = π/4, we can obtain the following equations,
where ǫ ± = (ǫ u ± ǫ d )/2, f n = (a n − b n )/ √ 2, and p n = (a n + b n )/ √ 2. Since the contacts are symmetric, they connect to the lower lattice with onsite potential p n , not f n , as shown in Fig. 8 (c) . The lower lattice with onsite potential p n and the upper lattice with onsite potential f n result in the resonance and antiresonance, respectively, in Fig. 9 . If we use an asymmetric contact, e.g., γ i u = γ o u = 0, and γ i d = γ o d = γ 0 , both lattices with onsite potentials f n and p n result in resonances, with no antiresonance in this case.
Considering a twisted ladder lattice with two leads as in Fig. 8 (b) , Eq. (25) has to be changed into where H ′ 1 is the same as Eq. (14) . Transmission probability in a twisted ladder lattice exhibits not only resonant and antiresonant states but also avoided crossings between them, as shown in Fig. 9 (e) and (f). As a result, transmission probability can be well explained by the eigenenergies in both ladder and twisted ladder lattices. It is noted that the eigenenergies in a twisted ladder lattice are different from those in an MLL because of the different boundary conditions. There is no shift of eigenenergies in a twisted ladder lattice independent of the parity of the state, while in an MLL the odd-parity states show shifts of eigenenergies.
B. Non-Hermitian cases
Next, we discuss quantum transport in a PT-symmetric ladder lattice with asymmetric pure imaginary on-site potential, i.e., δ = 0. In PT-symmetric quasi-one-dimensional lattices, quantum transport in the lattice is measured only in the unbroken PT-phases, i.e., real spectra, in the energy band, not in the broken PT-phases [32] . Figure 10 
where n = 1, · · · , N.
The Hamiltonian of a finite-sized circular lattice with triangular cross-sections is given by
where Next, we consider a Möbius lattice with triangular cross-sections of which the two ends are connected to each other after a 2π 3 twist. After calculations, again similar to the two level problem in the previous subsection, the eigenvalues of the Hamiltonian of a Möbius lattice with triangular cross-sections are obtained as follows,
The Hamiltonian of a finite-sized Möbius lattice with triangular cross-sections is given The amplitude equations of the total Hamiltonian of Eq. (24) can be written as
where φ j = e iqj + re −iqj (j < 0)
= te iqj (j > 0).
Here, φ j represents the jth sites of the leads and G i(o) is given by
and r and t are reflection and transmission coefficients, respectively, with |r| 2 + |t| 2 = 1 in the Hermitian case. We then obtain the following equations:
where the energy of the leads is given by e ±iq = −E/V 0 ± i 1 − |E/V 0 | 2 . Finally, we can obtain R and T for the ladder lattice from the following equation:
